
Lecture 15
Poisson Brackets

Defn : Poisson Brackets

[F,G3=
#e: [9i , 93 = 0 = [PisPi] , [i , Pj) : Sij

Note [9] = < [p) = [qp]=5
position men

energy1
ime

[n) = 12
I T ~ P- & , operators
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u

Divac's quantization I9p] =Sp,

(iv) Three functions on phase space F
,
G, H , then

& F, G,HY = SF, G3 + [GH) (derivative properties)

(v) We also have

[F, G, H3 = SF, GJH + GEF, H3

(vi) If F, G are both conserved , i. e. [F, H] = 0 , &G ,
H3 = 0 (Here His hamiltonian

then

E [F, G] , HY = 0 Juse Jacobi identity)
Note: Using Jacobi Identity , we have that

E F, G3 ,
HY = - GH , [F,G3] = GGH , F33 + &F, <G,HY3 = O

"



(vii) Changing Co-ordinates on phase space
9-Qi(A , 1) , P-Pi(q , 1) (invertible)

and require

[Qi
,
Q ;] = 0

= &Pi
, Pj) , [QiPj) = Sij -> canonical transformation

to keep poisson structure

and also

[F
, G4q = [F, GYpQ

Note: it 3 summation (Einstein's) Convention

summed over j = 1, ...., N

=P
Then

&F,G=FAG

= 8 =G-
5kl - Skl

= GFEG
- GFGG

2Qk8Pk 24k29k

= [F,G]pq



Example1 : Put Qi = Rij9j (Rij is independant of 9 ,
4)

↑ summation convention forj

P = SijPj

[Qk
,
Q1) = 0

,
[Pk

,
Pe) = 0

&Q , Peq=Plea
= RiSli - 0 O

= (RST)ke = Ske

:. ST= R-1

EExample 2 (1 , 4) one degree of freedom
Put Q = q"cospp

p = q sinBp

[Q ,
Q3 = 0 = [P

,
P3

[Q , Ph=QP
= (qcospp)(qpcospp)-(-qtpsinpp) (194sinpp)
= 2Bq2-(cosp + sinpp)

= 2Bq2
+
= 1 = (4













=> H= P + Bi

The hamiltonian equations are

& & =>i = -Bi
Pi = - &H =- K Bi Qi-Gai

Frequencies are

F
If we had N particles,

2 -10 ..... O

-1 2 - 10 ...- O Eigenvalues
O -12 - 1 .. - 0 ↑=4 sin KEd7,..., NS:...(
---

Note Let A be a matrix
, e a vector

· (A2) = Aijj => Al = I Aij,
Ad =ZAji

M
For eigenvalues and eigen vectors As = X2)· (A2); = (x() : => Aijsj = Xi

· =>Aj = Do


